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Abstract
Like BPS D3 brane, the non-supersymmetric (non-susy) D3 brane of type IIB string the-
ory is also known to have a decoupling limit and leads to a non-supersymmetric AdS/CFT
correspondence. The throat geometry in this case represents a QFT which is neither confor-
mal nor supersymmetric. The ‘black’ version of the non-susy D3 brane in the decoupling limit
describes a QFT at finite temperature. Here we first compute the entanglement entropy for
small subsystem of such QFT from the decoupled geometry of ‘black’ non-susy D3 brane us-
ing holographic technique. Then we study the entanglement thermodynamics for the weakly
excited states of this QFT from the asymptotically AdS geometry of the decoupled ‘black’
non-susy D3 brane. We observe that for small subsystem this background indeed satisfies a
first law like relation with a universal (entanglement) temperature inversely proportional to
the size of the subsystem and an (entanglement) pressure normal to the entangling surface.
Finally we show how the entanglement entropy makes a cross-over to the thermal entropy
at high temperature.
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1 Introduction
The entanglement entropy (EE) is a measure of quantum information encoded in a quantum
system. In particular, for a bipartite system the EE of a subsystem A is the von Neumann
entropy and is defined as SA = −Tr(ρA log ρA), where ρA = TrB(ρtot) is the reduced density
matrix on A obtained by tracing out on B, the complement of A, of the density matrix of the
total system ρtot (see, for example, [1–7] including some reviews). It is useful for many body
systems to describe various quantum phases of matter and serves as an order parameter for the
quantum phase transitions which occur near zero temperature [8–12]. The density matrix can
be carefully defined in the continuum and therefore, EE can be calculated in a QFT in principle
using the so-called replica trick (see, for example [13]). However, the actual computation can
be done quite generally only in low dimensional CFTd+1 (d < 2) [3, 4]. For higher dimensions
the computation of EE becomes intractable except for some special cases, like free field QFT in
three dimensions and also for CFT4 [13].
Ryu and Takayanagi [14,15], motivated by the Bekenstein-Hawking entropy formula, gave a
prescription to compute EE in any dimensions using the idea of AdS/CFT [16, 17]. According
to them, the holographic EE (HEE) of the subsystem A in the gravity dual is given by [14]
SE =
Area(γminA )
4GN
(1)
where γminA is the d-dimensional minimal area (time-sliced) surface in AdSd+2 space whose bound-
ary matches with the boundary of the subsystem A, i.e., ∂γminA = ∂A and GN is the (d + 2)-
dimensional Newton’s constant. The HEE given in (1) has been checked [14] to agree with the
QFT results in lower dimensions. In higher dimensions also they give correct qualitative behav-
iors. In thermodynamics the entropy of a system can be increased by injecting energy to the
system, where the proportionality constant is given by the inverse of temperature. This leads
to an energy conservation relation ∆E = T∆S, the first law of thermodynamics. An analogous
problem was addressed in [18] for the EE, i.e., to see how the EE of a certain region grows
with the increase in energy. Here the EE is computed using AdS/CFT. The excited state of a
CFT is given by the deformation of AdS whose EE can be computed using (1). This is then
compared with the time component of the boundary stress tensor Ttt or the energy density.
For a small subsystem A, the total energy is found to be proportional to the increase in EE
and the proportionality constant is c/ℓ, where c is a universal constant and ℓ is the size of the
subsystem. This has been identified with the entanglement temperature in analogy with first
law of thermodynamics [18]. However, in [19], it has been noted that this is not the complete
story. Since the first law contains more terms here also ∆E can have a term analogous to P∆V
term. Indeed, by calculating the other components of the boundary stress tensor it has been
found that ∆E contains a term d/(d + 2)Vd∆Px for asypmtotically AdSd+2 space, where ∆Px
is the pressure normal to the entangling surface and Vd is the volume. Therefore the analogous
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entanglement thermodynamical relation takes the form [19],
∆E = TE∆SE +
d
d+ 2
Vd∆Px (2)
In this paper we consider the non-susy D3 brane or, to be precise, a finite temperature
version of that solution in type IIB string theory [20]. It is known that like BPS D3 brane,
non-susy D3 brane also has a decoupling limit [21, 22] and therefore, gives a gravity dual of a
non-supersymmetric finite temperature gauge theory in the decoupling limit. The gauge theory
in this case is non-conformal. We use this gravity dual to compute the EE of the associated
QFT from the Ryu-Takayanagi prescription (1). Since the non-susy D3 brane in the decoupling
limit has an asymptotically AdS5 geometry, the HEE can be written as a pure AdS5 part and
additional part which can be thought of as the EE associated with an excited state. We use
Fefferman-Graham coordinate to compute the HEE and this helps us to identify the boundary
stress tensor quite easily [23,24]. Having identified the boundary stress tensor we then check that
the additional EE of the excited state indeed satisfies the first law like thermodynamical relation
we just mentioned in (2) for small subsystem. We have identified the entanglement temperature
in this case which is inversely related to the size of the entangling region by a universal constant
and also an entanglement pressure normal to the entangling surface. Although non-susy D3
brane we are considering here has a naked singularity, one can define a temperature related to
one of the parameters of the solution. When the parameter takes a particular value the solution
reduces to the standard Schwarzschild AdS5 solution and we checked that for that particular
value of the parameter our results reduce to those obtained in earlier works [18]. We also checked
that at higher temperature the HEE makes a cross-over [25] to the thermal entropy of standard
black D3 brane.
The rest of the paper is organized as follows. In section 2, we briefly discuss the decoupled
geometry of ‘black’ non-susy D3 brane solution. The Fefferman-Graham coordinate and the
computation of HEE is given in section 3. In section 4, we give the boundary stress tensors and
study the entanglement thermodynamics. The cross-over of the HEE to Bekenstein-Hawking
thermal entropy is discussed in section 5. Finally we conclude in section 6.
2 Decoupled geometry of ‘black’ non-susy D3 brane
The ‘black’ non-susy D3 brane solution of type IIB string theory has been discussed in detail
in [20] and so we will be brief here. The purpose for our discussion here is to fix the notation
and convention for the computation of HEE in the next section. The solution in the Einstein
frame takes the form,
ds2 = F1(ρ)
−
1
2G(ρ)−
δ2
8
[
−G(ρ) δ22 dt2 +
3∑
i=1
(dxi)2
]
+ F1(ρ)
1
2G(ρ)
1
4
[
dρ2
G(ρ)
+ ρ2dΩ25
]
3
e2φ = G(ρ)−
3δ2
2
+
7δ1
4 , F[5] =
1√
2
(1 + ∗)QVol(Ω5). (3)
where the functions G(ρ) and F (ρ) are defined as,
G(ρ) = 1 +
ρ40
ρ4
, F1(ρ) = G(ρ)
α1
2 cosh2 θ −G(ρ)−β12 sinh2 θ (4)
Here δ1, δ2, α1, β1, θ, ρ0, Q are the parameters characterizing the solution. Now to compare this
solution with that given in eq.(6) of [20], we note that we have replaced δ by δ2 here and also, the
function F (ρ) there is related to F1(ρ) by the relation F1(ρ) = G(ρ)
3δ1/8F (ρ). The parameters
α and β there are related to α1 and β1 by the relations α1 = α+3δ1/4 and β1 = β− 3δ1/4. We
point out that the parameters are not all independent but they satisfy the following relations
α1 − β1 = α− β + 3δ1/2 = 0
α1 + β1 = α+ β =
√
10− 21
2
δ22 −
49
2
δ21 + 21δ2δ1
Q = (α1 + β1)ρ
4
0 sinh 2θ (5)
Note that the solution has a curvature singularity at ρ = 0 and also the metric does not have
the full Poincare symmetry ISO(1, 3) in the brane world-volume directions, rather, it is broken
to R × ISO(3) and this is the reason we call it ‘black’ non-susy D3 brane solution. However,
we put black in inverted comma because this solution does not have a regular horizon as in
ordinary black brane but, has a singular horizon. The standard zero temperature non-susy D3
brane solution given in eq.(1) of [22] can be recovered from (3) by simply putting δ2 = 0 and
identifying 7δ1/4 as δ there. We remark that in spite of the solution (3) has a singular horizon we
can still define a temperature as argued in [26] and by comparing the expression for temperature
there we can obtain the temperature of the ‘black’ non-susy D3 brane as,
Tnonsusy =
( −2δ2
(α1 + β1)2
) 1
4 1
πρ0 cosh θ
(6)
From the above expression it is clear that for the reality of the temperature the parameter δ2
must be less or equal to zero. It is straightforward to check that when δ2 = −2 and δ1 = −12/7
(which implies α1 = β1 = 1 and α1 + β1 = 2), the above solution (3) reduces precisely to
the ordinary black D3 brane solution and the temperature (6) also reduces to the Hawking
temperature of the ordinary black D3 brane.
From now on we will put α1 + β1 = 2 for simplicity. Therefore, from the first relation in
(5), we have α1 = 1 and β1 = 1. In this case, the parameters δ1 and δ2 will be related (see the
second equation in (5)) by
42δ22 + 49δ
2
1 − 84δ1δ2 = 24 (7)
The function F1(ρ) given in (4) then reduces to
F1(ρ) = G(ρ)
−
1
2H(ρ), where, H(ρ) = 1 +
ρ40 cosh
2 θ
ρ4
≡ 1 + ρ
4
1
ρ4
(8)
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Therefore the Einstein frame metric in (3) reduces to
ds2 = H(ρ)−
1
2G(ρ)
1
4
−
δ2
8
[
−G(ρ) δ22 dt2 +
3∑
i=1
(dxi)2
]
+H(ρ)
1
2
[
dρ2
G(ρ)
+ ρ2dΩ25
]
(9)
where H(ρ) is given in (8). The decoupled geometry can be obtained by zooming into the region
ρ ∼ ρ0 ≪ ρ0 cosh
1
2 θ (10)
Note that in this limit θ → ∞ and the function H(ρ) can be approximated as H(ρ) ≈ ρ41/ρ4,
but G(ρ) remains unchanged3. The metric (9) then reduces to,
ds2 =
ρ2
ρ21
G(ρ)
1
4
−
δ2
8
[
−G(ρ) δ22 dt2 +
3∑
i=1
(dxi)2
]
+
ρ21
ρ2
dρ2
G(ρ)
+ ρ21dΩ
2
5 (11)
where ρ1 = ρ0 cosh
1
2 θ is the radius of the transverse 5-sphere which decouples from the five
dimensional asymptotically AdS5 geometry. As the 5-sphere decouples, we will work with the
rest of the five dimensional geometry to compute the HEE in the next section.
3 Holographic entanglement entropy in Fefferman-Graham co-
ordinates
In this section we first rewrite our asymptotically AdS5 metric (leaving out the 5-sphere part)
given by
ds2 =
ρ2
ρ21
G(ρ)
1
4
−
δ2
8
[
−G(ρ) δ22 dt2 +
3∑
i=1
(dxi)2
]
+
ρ21
ρ2
dρ2
G(ρ)
(12)
in the Fefferman-Graham form and then compute the HEE from this geometry. Note that as
ρ→∞, G(ρ)→ 1 and the metric reduces to AdS5 form. The (d+2)-dimensional asymptotically
AdS space can be written in Fefferman-Graham coordinates as,
ds2d+2 =
ρ21
r2
dr2 +
r2
ρ21
gµν(x, r)dx
µdxν (13)
where gµν = ηµν + hµν(x, r) with
hµν(x, r) = h
(0)
µν (x) +
1
r2
h(2)µν (x) + · · ·+
1
rd+1
h(d+1)µν (x) + · · · (14)
3Here we remark that since in the decoupling limit (10), θ → ∞, we might think from the expression of
temperature in (6) that, the temperature goes to zero if all other parameters of the theory, namely, α1, β1, δ2, ρ0
are kept fixed. While this is true, but we must remember that in the decoupling limit ρ0 also goes to zero (see
eq.(13) of ref. [20]) such that their product or the temperature remains finite. However, this finite value can be
very large or very small making the temperature of the solution very small or very large, respectively. So, when
we discuss high temperature limit we mean that we set ρ0 cosh θ to a finite but very small value, keeping other
parameters finite and fixed.
5
and for d = odd, the (d + 3)/2-th term can contain an additional log r piece, however, for our
solution (12) this does not appear. Now in order to express (12) in the form of (13), we must
change the radial coordinate ρ to r. By inspecting (12) and (13) (for d = 3), we get the relation,
ρ2 +
√
ρ4 + ρ40 = r
2 (15)
and inverting this relation we get,
ρ2 =
r2
2
− ρ
4
0
2r2
(16)
By scaling r → √2r, the above relation reduces to
ρ2 = r2
(
1− ρ
4
0
4r4
)
(17)
Using (17) the metric (12) takes the form,
ds2 =
r2
ρ21
[
−
(
1 +
3δ2
8
ρ40
r4
)
dt2 +
(
1− δ2
8
ρ40
r4
) 3∑
i=1
(dxi)2
]
+
ρ21
r2
dr2 (18)
Since here we are considering only weakly excited states, our geometry will be near the boundary
and that is the reason as a first order approximation we have replaced (1−ρ40/r4)a by (1−aρ40/r4)
for any real number a in writing the metric (18). This choice is also needed so that we can apply
Ryu-Takayanagi prescription for the calculation of EE [15]. To compute HEE, we choose another
coordinate z by the relation z = ρ21/r and rewrite the metric in the following form,
ds2 =
ρ21
z2
[
−
(
1 +
3δ2
8
z4
z40
)
dt2 +
(
1− δ2
8
z4
z40
) 3∑
i=1
(dxi)2 + dz2
]
(19)
where z40 = ρ
8
1/ρ
4
0. This is the form of the metric in Fefferman-Graham coordinates.
Now to compute the holographic EE, we have to first calculate the minimal area of the
surface embedded in the time slice of the background (19) bounded by the edge of A, i.e., ∂A
which is a strip given by −ℓ/2 ≤ x1 ≤ ℓ/2 and 0 ≤ x2,3 ≤ L. We parameterize the surface γA
by x1 = x1(z), then the area of the embedded surface would be given as,
Area(γA) =
∫
dx1 dx2 dx3
√
g (20)
where g is the determinant of the metric induced on γA. For the strip and for the parameteri-
zation mentioned above, the area reduces to
Area(γA) = ρ
3
1
∫
dx2 dx3 dz
√[
1 +
(
1− δ28 z
4
z40
)
x′21
] (
1− δ24 z
4
z40
)
z3
(21)
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Here ‘prime’ denotes the derivative with respect to z. Now since x1 is a cyclic coordinate in the
above integral (21), we get a constant of motion as follows,
(ρ1
z
)3 (1− δ24 z4z40
)
x′1√[
1 +
(
1− δ28 z
4
z40
)
x′21
] = k = constant (22)
Solving this we get x′1 to be
x′1 =
k√(
1− δ28 z
4
z40
) [(
1− 3δ28 z
4
z40
) (ρ1
z
)6 − k2] (23)
Actually here we are considering the hanging string configuration given by (23) in which the
two end points of the string is at the boundary z = 0 and has a turning point at z∗ where dz/dx
vanishes. This determines the constant of motion k in terms of z∗ as,
k2 =
(
1− 3δ2
8
z4
∗
z40
)(
ρ1
z∗
)6
(24)
Substituting this value of k in (23) and integrating we find the size of the entangling region in
terms of z∗ as,
ℓ = 2
∫ z∗
0
dz
(
1− 3δ216 z
4
∗
z4
0
)
√(
1− δ28 z
4
z4
0
) [
z6
∗
z6 − 1− 3δ28
z4
∗
z4
0
(
z2
∗
z2 − 1
)] (25)
We will assume that the subsystem is very small such that ℓ≪ z0 which amounts to the condition
that γA is close to the asymptotically AdS5 boundary. We note from the above that when the
parameter δ2 related to the temperature of the non-susy D3 brane (see eq.(6)) is put to zero, the
metric in (19) reduces to that of AdS5 and the constant of motion (24), i.e., the turning point
z∗ as well as the size of the entangling region in terms of z∗ (25), take the same forms as those
of AdS5 case. Therefore, δ2 6= 0 solutions are the deformations of AdS5 and represent excited
states in the boundary theory. The above relation (25) can be simplified (as z, z∗ ≪ z0) as,
ℓ = 2
∫ z∗
0
dz
z3/z3
∗√
1− z6
z6
∗

1− 3δ2
16
z4
∗
z40
+
δ2
16
z4
z40
+
3δ2
16
z4
z40
1(
1 + z
2
z2
∗
+ z
4
z4
∗
) + · · ·


=
2
√
πΓ
(
2
3
)
Γ
(
1
6
) z
∗(AdS5) + δz∗ (26)
where z∗(AdS5) is the turning point for AdS5 and δz∗ is the deviation from that value. It has
been shown earlier that there is no change of EE upto the first order due to this change of the
turning point from AdS5. So, in evaluating EE we will use the turning point corresponding to
7
AdS5 only and omit the subscript ‘AdS5’ for brevity. To compute EE, we use the value of k
from (24) in (23) and substitute it in (21) to first obtain the minimized area as,
Area(γminA ) = 2
∫ L
0
dx2
∫ L
0
dx3
∫ z∗
ǫ
dz
(ρ1
z
)6
√√√√√√
(
1− 5δ28 z
4
z40
)
(
1− 3δ28 z
4
z4
0
) (ρ1
z
)6 − (1− 3δ28 z4∗z4
0
)(
ρ1
z∗
)6 (27)
where ǫ is an IR cut-off and then use (1) to obtain the EE upto first order in z4/z40 as,
SE = SE(0) +
ρ31L
2
4G(5)
∫ z∗
0
dz

 (−3δ2)z
4
8z4
0
z3
√
1− z6
z6
∗
+
δ2z4
8z40
√
1− z6
z6
∗
z3

 (28)
In the above
SE(0) =
2ρ31L
2
4G(5)
∫ z∗
ǫ
dz
z3
√
1− ( zz∗ )6
(29)
is the EE of the pure AdS5 background. Note that SE(0) is divergent and that is the reason we
put an IR cutoff at ǫ to make it finite, but the additional term in (28) is divergence free and we
can evaluate the integrals to get the change in EE as,
∆SE =
ρ31L
2
4G(5)
z2
∗
[
(−3δ2)
√
πΓ
(
1
3
)
48z40Γ
(
5
6
) + δ2√πΓ
(
1
3
)
80z40Γ
(
5
6
)
]
=
ρ31L
2
4G(5)
z2
∗
(−δ2)
√
πΓ
(
1
3
)
20z40Γ
(
5
6
) (30)
Here z∗ is the value of the turning point for pure AdS5 background given by
z∗ =
ℓΓ
(
1
6
)
2
√
πΓ
(
2
3
) (31)
Using this in (30) we get,
∆SE =
(−δ2)ρ31L2ℓ2
320
√
πG(5)z
4
0
Γ2
(
1
6
)
Γ
(
1
3
)
Γ2
(
2
3
)
Γ
(
5
6
) (32)
This is the change in the EE of the decoupled theory associated with the ‘black’ non-susy
D3 brane from the pure AdS5 solution. We remark that as δ2 = 0 implies from (6) that the
temperature of the non-susy D3-brane vanishes, ∆SE given in (32) also vanishes. This means
that the zero temperature non-susy D3 brane also has vanishing ∆SE, similar to the case of
ordinary black D3 brane, where it vanishes when the temperature goes to zero.
As we have already mentioned in section 2, the non-susy D3 brane solution can be reduced to
standard black D3 brane solution when the parameters take the values δ2 = −2 and δ1 = −12/7.
Simply taking this limit in (32), we find that the change in EE takes the form,
∆SE =
ρ31L
2ℓ2
160
√
πG(5)z
4
0
Γ2
(
1
6
)
Γ
(
1
3
)
Γ2
(
2
3
)
Γ
(
5
6
) (33)
This result can be compared with that given in [18] and we find that they indeed match once
we identify 1/z40 = m and d = 4.
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4 Entanglement thermodynamics
As we mentioned in section 3, the asymptotically AdS space in (d + 2) dimensions can be
expressed in Fefferman-Graham coodinates and it is given in (13). In this coordinate one can
extract the form of boundary stress tensor as follows [23,24],
〈T (d+1)µν 〉 =
(d+ 1)ρd1
16πG(d+2)
h(d+1)µν (34)
The decoupled ‘black’ non-susy D3 brane geometry (leaving out the S5 part) in Fefferman-
Graham coordinate is given in (19). So, using this general formula (34) for (19), we can write
down the form of the stress tensor for the boundary theory of ‘black’ non-susy D3 brane as,
〈Ttt〉 = −3ρ
3
1δ2
32πG(5)
, 〈Txixj 〉 =
−ρ31δ2
32πG(5)
δij , where i, j = 1, 2, 3. (35)
As we mentioned before, since the parameter δ2 ≤ 0, both temporal as well as spatial components
of the stress tensor are positive semi-definite. Also since here we are considering AdS5, we have
put d = 3 in (34). Now using these values (35) we can rewrite the change in EE given by the
first expression in (30) as,
∆SE =
L2z2
∗
π
3
2
6
Γ
(
1
3
)
Γ
(
5
6
) [〈Ttt〉 − 3
5
〈Tx1x1〉
]
(36)
Putting the value of z∗ from (31) we get,
∆SE =
L2ℓ2
√
π
24
Γ2
(
1
6
)
Γ
(
1
3
)
Γ2
(
2
3
)
Γ
(
5
6
) [〈Ttt〉 − 3
5
〈Tx1x1〉
]
(37)
In terms of the stress tensors the change in total energy and the pressure are defined as,
∆E = L2ℓ〈Ttt〉, ∆Px1x1 = 〈Tx1x1〉 (38)
Using this in (37) we get the change in EE as,
∆SE = ℓ
√
π
24
Γ2
(
1
6
)
Γ
(
1
3
)
Γ2
(
2
3
)
Γ
(
5
6
) [∆E − 3
5
∆Px1x1V3
]
(39)
where V3 = L
2ℓ is the volume of the subspace. Comparing this with the first law of thermody-
namics we identify the entanglement temperature to be
TE =
24Γ
(
5
6
)
Γ2
(
2
3
)
ℓ
√
πΓ
(
1
3
)
Γ2
(
1
6
) (40)
We note that the entanglement temperature is inversely proportional to the size ℓ of the en-
tangling region with a universal proportionality constant [18]. Thus from here, we conclude
that the decoupled theory of ‘black’ non-susy D3 brane satisfies the first law of entanglement
thermodynamics
∆E = TE∆SE +
3
5
∆Px1x1V3 (41)
This is indeed the relation we mentioned in (2) for d = 3 [19].
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5 Cross-over to thermal entropy
In this section we will show how the total HEE of the decoupled theory of ‘black’ non-susy D3
brane we calculated in (28) reduces to thermal entropy of that of standard black D3 brane in
the high temperature limit. For this purpose we first look at the expression for the size of the
entangling region in (25). By defining z/z∗ as x, the integral can be written as,
ℓ
2
= z∗
∫ 1
0
dx
x3
(
1− 3δ216 z
4
∗
z40
)
√(
1− δ28 z
4
∗
z40
x4
) [
1− x6 − 3δ28 z
4
∗
z40
x4 (1− x2)
]
= z∗I
(
z∗
z0
)
(42)
On the other hand the total area integral given in (27) can be written as,
Area(γminA ) =
2ρ31L
2
z2
∗
∫ 1
0
dx
1
x3
√√√√√
(
1− 5δ28 z
4
∗
z40
x4
)
(
1− 3δ28 z
4
∗
z4
0
x4
)
−
(
1− 3δ28 z
4
∗
z4
0
)
x6
=
2ρ31L
2
z2
∗
I˜
(
z∗
z0
)
(43)
Let us first clarify what we mean by low temperature and high temperature limit. We have
seen that the temperature of the solution as mentioned earlier (see (6)) behaves like Tnonsusy ∼
1
ρ0 cosh θ
= 1z0 and z∗ ∼ ℓ. Therefore, the ratio z∗z0 is ∼ ℓTnonsusy. As we mentioned in footnote
3, the product ρ0 cosh θ = z0 remains finite in the decoupling limit, but this finite value could
be large or small producing a small or large temperature. Thus in the low temperature regime
z0 is large and this corresponds to taking
z∗
z0
∼ ℓTnonsusy ≪ 1. On the other hand, in the high
temperature regime z0 is small and this corresponds to
z∗
z0
∼ ℓTnonsusy → 1. Note that the last
condition implies Tnonsusy ∼ 1ℓ and so for small subsystem the temperature is indeed very large.
Now it can be seen that in the high temperature limit (z∗z0 → 1) both the integrals I and I˜ are
dominated by the pole at x = 1 and therefore have the same values, i.e., in this limit
I
(
z∗
z0
)
≈ I˜
(
z∗
z0
)
(44)
From the second expression of (42) we, therefore, have
I
(
z∗
z0
)
=
ℓ
2z∗
≈ I˜
(
z∗
z0
)
(45)
Using this in the second expression of (43) and then dividing by 4G(5), we get the EE at high
temperature as,
SE =
Area(γminA )
4G(5)
=
ρ31L
2ℓ
4G(5)z3∗
=
π3ρ31V3
4G(5)(πz0)3
(46)
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Now using the five dimensional Newton’s constant G(5) = (πρ
3
1)/(2N
2), where N is the number
of branes and 1/(πz0) = T , where T , is the temperature of the standard black D3 brane, we get
from (46)
SE
V3
=
π2
2
N2T 3 (47)
the thermal entropy of a standard black D3 brane. This clearly shows that at high temperature
the entanglement entropy of a non-susy D3 brane makes a cross-over [25, 27] to the thermal
entropy of a black D3 brane4.
6 Conclusion
To conclude, in this paper we have computed the entanglement entropy of a QFT obtained from
the decoupled geometry of ‘black’ non-susy D3 brane using holographic prescription of Ryu and
Takayanagi. The field theory in this case is non-supersymmetric and non-conformal and we
have considered only a strip-like subsystem. We have used Fefferman-Graham coordinate to
compute the entanglement entropy. For a small subsystem we have shown that the total EE
can be split into a pure AdS5 part and an additional part corresponding to weakly excited state
of the field theory. The additional part was then found to match exactly with the earlier result
for ordinary black D3 brane when the parameter δ2 of the non-susy D3 brane takes a value
−2. In the Fefferman-Graham coordinate we have obtained the forms of the boundary stress
tensor of the non-susy D3 brane. Using the expressions of the stress tensor and identifying
various components with the energy and pressure densities we have shown that the EE of the
excited state satisfies the first law of entanglement thermodynamics proposed earlier. We have
also checked that at high temperature the total EE of the decoupled theory of non-susy D3
brane reduces to the thermal entropy of that of the ordinary black D3 brane and not the ‘black’
non-susy D3 brane. It is interesting to note that at high temperature the EE of a non-susy D3
brane prefers to cross-over to the thermal entropy of the ordinary black D3 brane, among all
possible non-supersymmetric D3 brane configurations (with different values of δ2).
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4It should be noted that to recover thermal entropy from the entanglement entropy the crucial step we use
is to take the limit z∗
z0
∼ ℓTnonsusy → 1. The entanglement entropy and thermodynamics is studied (in sections
3 and 4) in the regime z∗
z0
∼ ℓTnonsusy ≪ 1 and one can go to the former regime in two different ways, namely,
either taking the high temperature limit (as we have done in this section) or taking the large subsystem limit, i.e.,
taking ℓ large. In the latter case, the minimal surface probes deeper into the bulk picking up thermal contribution
as is the case for black D3 brane with regular horizon.
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